I. INTRODUCTION
O NE promising application of hollow, bulk superconductors is low frequency magnetic shielding. Superconductors allow an ultra-low magnetic field background to be achieved in several applications ranging from biomedical engineering to high-sensitivity instrumentation [1] - [4] . Unlike conventional high permeability ferromagnetic materials, however, which exhibit a relatively low saturation magnetization (e.g., μ 0 M sat ∼ 0.7 T for mu-metal [5] ), superconductors do not suffer from this limitation. They are, therefore, well suited for shielding particle beams and creating a field-free region within a high external field [6] - [8] . Shielding magnetic flux densities above 1 T can be achieved by hollow bulk superconductors of various compositions, e.g., Bi 2 Sr 2 CaCu 2 O 8 (Bi-2212) [9] , MgB 2 [10] - [12] , or YBa 2 Cu 3 O 7 (YBCO) [13] . Several studies have also been carried out on Bi 2 Sr 2 Ca 2 Cu 3 O 10 (Bi-2223) [14] , [15] , which can be grown in the shape of large vessels [1] , and promising shielding properties were demonstrated recently with GdBa 2 Cu 3 O 7 single domains [16] . Shields made of bulk superconductors can be hybridized conveniently with ferromagnetic materials [17] , [18] or with coated conductors [15] to take advantage of the additional shielding effect provided by these materials [19] - [21] or to achieve shielding without distortion of external flux lines (so-called "cloaking") [7] , [22] .
One of the main characteristics of superconducting shields is that the field attenuation is due to the presence of macroscopic current loops flowing at the periphery of the shield. This feature, therefore, makes them sensitive to the presence of slits or nonsuperconducting joints in the shield construction [23] , [24] . Taking into account that growing large-size bulk superconductors is notoriously challenging [25] , understanding how to increase the shielded volume inside a shield of given dimensions is of fundamental importance for the development of a practical device. The beneficial effects of a cap placed against the opening of a bulk type-II superconducting tube were studied numerically a decade ago [26] using a semi-analytical approach based on the Brandt algorithm [27] in a two-dimensional (2-D) axisymmetric configuration. Some of the results of this study were extended and confirmed experimentally on Bi-2223 superconducting shields of various aspect ratios subjected to an axial magnetic field [28] . These results confirmed the major influence of the aspect ratio of the shield on the shielded volume. In a simple geometry where the tube is subjected to an axial field H app (as shown schematically in Fig. 1 ), the quality of Table I . The details of the dimensions of the modelled sample in both two dimensions and three dimensions are given in Table II. a joint perpendicular to the applied field has no effect on the superconducting currents, and hence on magnetic shielding. In practice, however, the stray field to be shielded is rarely uniform and often has a small transverse field component [29] . The suitability of any tube termination, therefore, needs to be examined in the transverse configuration. This can be done using both experiment and modeling for analyzing the properties of bulk superconductors [30] , [31] .
The purpose of the present study is to investigate and clarify the advantages of placing a cap against a bulk, type-II superconducting tube, particularly in the transverse configuration. The geometries studied are shown schematically in Fig. 1 . A hollow tube ("open") was used as a reference, and the other three configurations were closed on one side. In the so-called "closed" geometry, a superconducting disk of the same diameter as the outer diameter of the tube was placed against one opening, with a nonsuperconducting air gap between the tube and the cap. The "adjusted" geometry refers to a hollow cylinder where the inner part of the tube wall is machined to half of its thickness at one extremity, such that a cap can fit inside the tube. In this case, the diameter of the cap is the average of the inner and outer diameters of the tube. The difference with respect to the "closed" geometry is that the non-superconducting air gap is not perpendicular to the axis of the tube but contains a 90°bend. In the final configuration, we consider a tube in which the wall and the cap are fabricated in the same process, such that both are "fused" together, resulting in a tube naturally closed at one extremity. Such tubes were engineered recently by a buffer-aided top seeded melt growth (BA-TSMG) fabrication process [32] , [33] and exhibited remarkable shielding performances under axial magnetic fields [13] . Their properties are investigated under a transverse field in the present study.
II. EXPERIMENT
Two kinds of superconductors were studied experimentally. The investigations for the "open," "closed," and "adjusted" [34] . The superconducting disk covering the extremity of the tube was made of the same material. The gap between the cap and the tube in the "closed" and "adjusted" configurations was made as small as possible (∼0.1 mm). The "fused" sample consisted of bulk, large grain YBCO fabricated by BA-TSMG [32] , [33] . Details of the fabrication process can be found in [13] . The resulting tube is closed at one extremity by a pellet containing the seed used for melt processing. The geometric dimensions of the cylindrical samples and of the caps are summarized in Table I .
Magnetic shielding measurements were carried out at liquid nitrogen temperature (77 K). The tubes were subjected to a uniform quasi-static (dc) magnetic field produced by a solenoidal coil 450 mm in length and 200 mm in diameter. The field was applied either along the axis of the tube (axial configuration) or perpendicular to it (transverse configuration). The magnetic field was ramped at a constant sweep rate of 0.1 mT/s and the magnetic flux density inside the tube was recorded using a threeaxis Hall probe (Arepoc Axis-3H), which could be moved along the axis of the tube. In this study, the component of the magnetic flux density parallel to the applied field was recorded either at the center of the tube or at its extremity, i.e., against the cap for configurations (b) to (d) in Fig. 1 .
III. MODELING
Finite element modeling was performed using an A-φ formulation, in which Maxwell equations were solved for two independent variables, the vector potential A and the scalar potential φ [35] - [37] , using open-source software GetDP developed at the Applied and Computational Electromagnetics Laboratory of the University of Liege [38] . Details concerning the implementation of this code can be found in [37] and [38] .
Modeling was carried out first in an axisymmetric configuration (2-D), for a geometry corresponding to that of the commercial Bi-2223 tube. The geometric dimensions of the samples used in 2-D modeling are summarized in Table II (left column). For the "closed" and "adjusted" configurations the nonsuperconducting joint between the cap and the tube was taken to be 0 mm. The superconducting properties were modelled using an E-J power law E(J) = E c (J/J c ) n . According to previous experiments carried out on the same material at T = 77 K [14] , we use a n-value = 30 and the field dependence of the critical current density J c is assumed to follow Kim's law, i.e.,
with J c0 = 900 A/cm 2 and B 1 = 3 mT. The nominal thickness of the disk-shaped cap e 0 is 2 mm. According to independent experiments carried out on the disk-shaped materials, slightly different critical current density parameters were used for the cap, i.e., J c0 = J * c0 = 750 A/cm 2 and B 1 = 5 mT. In order to investigate the influence of the cap geometry and properties, different thicknesses from (e 0 /2) to (4e 0 ) and different J c0 from (J * c0 /2) to (4J * c0 ) were used. In the latter case, the value of the parameter B 1 was kept unchanged.
Modeling was carried out in 3D to study the different transverse configurations shown in Fig. 1 . We chose to model a short cylinder (height = 30 mm, outer diameter = 26 mm) with an aspect ratio close to that of the "fused" sample, given that the 3-D modeling requires a significant number of elements (in addition to a rather long computation time). The geometric dimensions of the samples and caps used in 3-D modeling are summarized in Table II (right column) . The nonsuperconducting joint between the cap and the tube for the "closed" and "adjusted" configurations was modelled by a 1 mm air gap due to the necessity to mesh the air part with sufficient resolution. The external diameter of the cap was either 26 mm ("closed" and "fused" configuration) or 21 mm ("adjusted" configuration), its thickness was 2 mm. Using these dimensions, the aspect ratio (length/average diameter) of the modelled sample was ∼1.3, which was very close to that (∼1.28) of the YBCO material fabricated by BA-TSMG. According to previous experiments carried out on the same material at T = 77 K, the critical current density of all superconducting components is assumed to be field independent and equal to 1000 A/cm². The critical exponent was taken to n = 25, in agreement with the usual range on n-values used for bulk melt-textured YBCO materials at liquid nitrogen temperature [30] , [37] .
IV. RESULTS AND DISCUSSION
The parameter used to assess the shielding efficiency is the shielding factor (SF), defined as the ratio between the applied field strength B app = μ 0 H app and the magnetic flux density B in measured inside the superconducting shield along the direction of B app , i.e., SF = B app /B in .
A. Axial Configuration
We first examine the experimental data obtained for the long tube (Bi-2223) for the "open," "closed," and "adjusted" configurations. Fig. 2(a) shows the shielding factor as a function of the axial magnetic field. For the open tube, the shielding factor at the center of the tube exceeds 10 3 at low field and decreases gradually with increasing field, to reach 10 2 for μ 0 H app ∼ 6.9 mT. This value can be taken as the "limit" or "threshold" induction B lim , above which shielding becomes weakly effective. The shielding factor in the vicinity of the open extremity is strongly suppressed compared to that in the center, e.g., at 1 mT the shielding factor is only 4.2. This behavior is expected, due to the penetration of the field through the open end [26] . The shielding properties at the center of the tube are almost unaffected by the presence of the cap in the "closed" configuration (the shielding factor at the center of the "adjusted" configuration was not measured). As an example, the magnetic field strengths at which SF = 10 at the center are μ 0 H app ∼ 7.4 mT for both "open" and "closed" configurations. The presence of the cap leads to a significant improvement in the shielding factor at the extremity for both "closed" and "adjusted" geometries [blue and green lines with open symbols in Fig. 2(a) ]. This yields a significant increase in the volume in which strong magnetic shielding (e.g., SF > 10 2 ) is observed. Two-dimensional numerical modeling of the shielding factor for the "open" and "closed" configurations was carried out in the same range of applied fields as for the experiment. Results are plotted in Fig. 2(b) and can be compared quantitatively to Table II. those plotted in Fig. 2(a) . At the center of the tube, the magnetic field strengths at which SF = 10 are 7.51 mT and 7.56 mT for the "open" and "closed" configurations, respectively, against ∼7.4 mT for the experiment. At the covered extremity of the closed tube, the modelled SF is equal to ten for an applied field strength of 11.65 mT, against 11.5 mT for the experiment. At the open extremity (black open circles in Fig. 2) , the modelled shielding factor at 1 mT is 4.37, against 4.2 for the experiment. The satisfactory quantitative agreement between the model and the experiment gives confidence that the 2-D model can be used to further investigate other parameters or geometric configurations. As an example, the 2-D model was run under an applied field strength of 7 mT, i.e., slightly above B lim ∼ 6.9 mT defined earlier, in order to visualize the improvement of the shielding volume in a regime where the distribution of magnetic flux density in the volume delimited by the shield is inhomogeneous. Results are shown in Fig. 3 , where the scale is defined so that the white zone in the tube corresponds to a shielding factor taken arbitrarily to be SF > 20, i.e., |B| < 0.35 mT. This white zone defines the shape of the shielded volume. The "open" configuration displayed on the left of the figure serves as a reference. The configuration that refers to the experiment corresponds to the nominal value of both the critical current (J c0 = J * c0 ) and the cap thickness (e 0 ), as shown in the dashed frame of Fig. 3 .
The numerical results clearly indicate the beneficial effect of the cap and show that the increase of the shielded volume due to the cap occurs both in the central region of the tube and in the vicinity of the cap. The field concentration near the extremity of the tube is caused by the expected bending of the magnetic field lines around the cap [28] . In the present Fig. 3 . Modelled distribution of magnetic flux density |B| for a long type-II superconducting tube subjected to an axial field B ap p = μ 0 H ap p = 7 mT. For each plot, the white area delimitates the zone for which the shielding factor is higher than 20. The framed plot shows the distribution of |B| for the nominal critical current density (J c 0 = J * c 0 ) and cap thickness (e 0 ). Top: constant thickness, increasing J c 0 . Bottom: constant critical current density, increasing thickness. The exact dimensions of the modelled samples are given in Table II. case, where the superconducting material is characterized by a strong J c (B) dependence, the field concentration affects the local critical current density, resulting in a reduced efficiency of the cap compared with what could be expected for a constant J c .
It is of interest to investigate how the shielded volume varies when the critical current density of the cap is adjusted (from half the nominal value to four times the nominal value), given that the cap and the tube itself can be constructed of different materials. Results are shown in the upper graphs of Fig. 3 . It can be seen that a significant extension of the shielded zone can be achieved when J c is multiplied by a factor of four. Knowing that, according to the Bean model with a constant J c [39] , the full penetration field of an infinite slab of thickness e in parallel field is proportional to the product (J c ·e), further modeling was carried out for different thicknesses, and the results are shown in the lower graphs of Fig. 3 . Remarkably, an increase in the shielded volume similar to that caused by a larger J c is also observed, although the applied field is not parallel to the largest face of the cap and the critical current density is field dependent. The shielded volume for 4e 0 is even found to be slightly larger than that for 4J c0 . This phenomenon might be due to the fact that the field concentration zone (where J c is depressed) is more distant from the interior zone of the tube for a larger cap. This is dependent, however, on the exact J c (B) relationship for both the cap and the tube, on the strength of the applied field (in the present case μ 0 H app > B lim ) as well as the arbitrarily chosen value for delimiting the shielded volume.
It can be concluded from the above results that a simple cap placed against the sample is extremely helpful in improving the shielded volume and that this volume can be further increased by employing a cap with either a higher J c or greater thickness. The latter seems to be a more practical solution, since a thicker cap can be replaced by several caps that can be stacked above one another.
B. Transverse Configuration
Now we turn to the configuration where the applied field is perpendicular to the tube axis. Results obtained for the "open," "closed," and "adjusted" geometries are shown in Fig. 4 . First, the shielding factor values measured at the center of the tube (solid symbols) are smaller than those plotted in Fig. 2 . The value of B lim defined for a SF = 10 2 in this case is ∼4.5 mT, against 6.9 mT in axial field. Taking into account the "eye shape" of the flux front inside the wall of a type-II infinite tube in the transverse configuration, it is possible to determine [14] an approximate relation between the two quantities, i.e.,
where R in and R out are the inner and outer radii of the tube, respectively. This procedure gives an approximate ratio of ∼1.85, compared to (6.9/4.5) ∼ 1.53 observed experimentally. The difference can be attributed to the finite height of the tube as well as the field-dependent J c (B). All shielding factors measured at the extremity of the tube (the open symbols in Fig. 4 ) are smaller than those measured at the center. The significant reduction of shielding factor can be attributed to the presence of the air gap, which is now parallel to the main direction of the applied field. It can be noticed, however, that the cap placed against the opening ("closed" configuration) leads to a small increase of the shielding factor, which is further improved (albeit slightly) in the "adjusted" configuration. The results presented in Fig. 4 , therefore, show that the presence of the right angle in the air gap introduces a small beneficial effect in the transverse configuration, but only at low magnetic fields. We now consider the shielding factor of the "fused" sample subjected to a transverse field (see Fig. 5 ). Unlike the behavior depicted in Fig. 4 , the shielding factor measured near the covered extremity (open symbols) is increased by a factor ranging between ∼3 and ∼7 compared to its value at the center of the tube (solid symbols), e.g., at μ 0 H app ∼ 50 mT one has SF(extremity)/SF(center) ∼4. This result shows the significant improvement introduced by the cap in the transverse configuration, and gives indirect evidence of the superconducting nature of the medium joining the tube and the cap for this material.
3-D numerical modeling was used to develop a better understanding of the shielding current distribution in the configurations studied above. The geometry used for modeling is shown in Fig. 1 , and the value of the geometric and superconducting parameters are given in Table II . Fig. 6 shows the shielding factor modelled for the four configurations studied. For the open tube (black circles), we notice first that the shielding factor at the center of the tube is much smaller than those measured experimentally for the long Bi-2223 sample. This is explained by the small aspect ratio of the modelled cylinder, and penetration through the open ends of the tube. The presence of a cap with Fig. 1 . B || denotes the component of the magnetic flux density parallel to the direction of the applied field B ap p . The shielding factor is modelled at the center of the tube (solid symbols) or at its extremity (open symbols). The stars refer to the theoretical shielding factor for a type-I superconductor of the same geometric dimensions. The exact dimensions of the modelled samples are given in Table II. a small air gap ("closed" and "adjusted" configurations) has almost no effect on the SF values determined at the center. For the "closed" and "adjusted" configurations, the shielding factor at the extremity of the tube is slightly higher than that for the "open" sample, as also observed in the experimental data on the Bi-2223 material (see Fig. 4 ). The behavior of the "fused" sample is markedly different from the others-the shielding factor at the center of the cylinder at the closed extremity is increased significantly, with better shielding observed near the cap, as also observed in the experimental data for the "fused" sample (see Fig. 5 ).
Results of the 3-D modeling can be compared to rough analytical estimations. First, we consider the maximum shielding factor of the studied samples. At very low magnetic field, the field penetration depth is extremely small relative to the wall thickness and it seems justified to compare the shielding factor to that of a type-I superconductor of the same dimensions. For a short cylinder of inner radius R in and height h subjected to a transverse field, the theoretical shielding factor along the axis at a distance z from the center can be estimated by [40] SF (trans) ≈ exp 1.84
Taking an average radius R = 11.5 mm and a height h = 30 mm, we obtain a shielding factor of 11 at the center of the open cylinder (black star in Fig. 6 ) which is quite close to that modelled for the first three configurations, i.e., when there is an air gap between the cap and the tube. For the "fused" sample, the shielding factor at the closed extremity can be estimated by considering the SF at the center of a cylinder twice its length (h = 60 mm). From (3), we obtain a shielding factor of 121 (red star in Fig. 6 ), which is reasonably close to that observed for the values modelled at low magnetic field.
An additional feature that can be observed in Fig. 6 is the rapid decrease of the modelled shielding factor against the extremity of the "fused" sample when the applied magnetic field strength is around ∼20 mT. Given J c and the wall thickness of the modelled geometry (d = 3 mm), the full penetration field estimated from the Bean model for an infinitely long sample in the axial configuration would be μ 0 J c d ≈ 38 mT. According to (2) , this value should be divided by the factor (1 + R in /R out ) 1.77 in the transverse configuration, giving a full penetration field of about 21.3 mT if the sample was infinite. Remarkably, this corresponds to the value around which the shielding factor in the "fused" sample (next to the cap) collapses, giving evidence that the relevant penetration mechanism at this field level is likely to be through the walls of the tube. When comparing the values of the 3-D modelled shielding factor for the "fused" sample (orange triangles in Fig. 6 ) to the experimental data (see Fig. 5 ), the following two differences can be noticed: 1) at low field (e.g., 3 mT), the modelled shielding factor is found to be higher than the experimental one; and 2) at higher field (e.g., 20 mT) the opposite phenomenon is observed. The exact reason for this behavior remains unknown and might be attributed to an inhomogeneous J c of the bulk sample. What is clear is that the stronger field dependence observed for the modelled shielding factor is not related to any field dependence of the critical current J c (B) since a constant J c was assumed for the modeling.
Finally, Fig. 7 shows the distribution of the current density for B app = 30 mT, i.e., in the fully penetrated regime. For the "closed" sample, there is no current flowing between the cap and the cylinder. Shielding currents in the cylinder [see Fig. 7(a) ] and in the plane orthogonal to the applied field are similar to those observed in hollow cylinders and bulk pellets in transverse field configuration, but here, brought next to each other. In this situation, the cylinder and the cap react independently to the applied field. However, for the "fused" sample, shielding currents flow between the cylinder and the cap, leading unambiguously Fig. 7 . Comparison of the modelled distribution of current density for the (a) "closed" and (b) "fused" configurations subjected to a transverse field B ap p = μ 0 H ap p = 30 mT and schematic illustration of the shielding currents for both cases. The exact dimensions of the modelled samples are given in Table II. to better shielding at the closed extremity. This confirms the beneficial effect introduced by the superconducting joint.
V. CONCLUSION
The aim of the present study was to examine and understand the influence of a cap on the shielding properties for various semi-closed tubular superconducting samples. When the cap and the tube are separated by a nonsuperconducting joint or a small air gap, an improvement in the shielding volume can be achieved when the magnetic field is axial. The use of a thicker cap (or several caps) was shown to enhance the shielding factor inside the tube. For the transverse configuration, a cap with a small air gap leads only to a marginal improvement of the shielding factor at the extremity of the tube. The "adjusted" configuration, where a part of the air gap is oriented at 90°to the applied field, was found to yield a perceptible increase in the shielding factor, but only at low magnetic field. The configuration where the tube wall and the cap are grown in the same process clearly exhibits the best shielding properties in transverse field. This underlines the importance of using vesselshaped shields [34] , [41] and, more generally, of achieving superconducting joints between the superconducting components. In addition to BA-TSMG presented in this paper, multiseeding [24] and the creation of artificially engineered boundaries [42] - [45] allowing high currents through melt-textured monoliths are also very promising approaches. In this case, the quality of the shielding would depend on the quality of the maximum current across such an artificial superconducting joint, which would need to be probed first through measurement of the transport critical current or electrical resistance [42] - [45] . Progress in this challenging area is expected to lead to significant advances in the development of efficient superconducting shields for high magnetic fields. In addition to processing, he has also developed skills in fabricating YBCO wires of short lengths using the powder-in-tube method. His research interests are in applied high-temperature superconductivity, including the processing of (RE)-Ba-Cu-O superconductors in bulk and thick film forms for various technological applications. Some of his goals include enhancing the field dependence of critical current densities, trapped magnetic fields of bulks, pulsed field magnetization, improving the shielding performance of cavities/thick films made out of these materials, and develop expertise in coated conductor technology. 
